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ABSTRACT

The standard cosmological model posits that the universe began from a singularity roughly 13.8 bil-

lion years ago. While supported by the cosmic microwave background (CMB) and cosmic expansion, in-

tense theoretical and observational discrepancies suggest this model is phenomenologically incomplete.

This massive study introduces a rigorously detailed, multi-disciplinary reassessment of the cosmolog-

ical origin by synthesizing Loop Quantum Gravity (LQG), String Theory, topological geometry, and

advanced gravitational-wave astronomy. We propose an alternative topological framework wherein the

universe did not begin from an absolute singularity; rather, it emerged from a quantum gravitational

bounce within the interior of a black hole embedded in a higher-dimensional bulk spacetime. We utilize

the σ-constant as a topological invariant to prove that the initial boundary of our observable universe

possesses a fundamental, non-zero area. We construct exhaustive matched asymptotic expansions of

thin black rings, deriving the necessary bulk-brane mechanics. Finally, we provide robust observational

grounding by incorporating continuous gravitational-wave search limits, Primordial Black Hole (PBH)

dark matter constraints, and JWST high-redshift anomalies. This comprehensive 40-page theoretical
framework completely refutes the singular Big Bang in favor of an emergent, mathematically stable

topological phenomenon.

Keywords: Cosmology — Quantum cosmology — String theory — Gravitational waves — Topology

1. THE BREAKDOWN OF GENERAL

RELATIVITY AND THE SINGULARITY

THEOREMS

General Relativity (GR) intrinsically predicts its own

breakdown at the Big Bang singularity. The Borde-

Guth-Vilenkin (BGV) theorem rigorously demonstrates

that any spacetime with an average expansion rate

greater than zero must be geodesically incomplete to

the past. To understand this failure, we must deeply

analyze the Raychaudhuri equation, which governs the

kinematics of geodesic congruences.

Let ua be the tangent vector field to a congruence of

timelike geodesics, such that uaua = −1 and ua∇au
b =

0. We decompose the gradient of ua into its trace, sym-

metric traceless, and antisymmetric parts:

∇bua =
1

3
θhab + σab + ωab (1)

where hab = gab + uaub is the induced spatial metric,

θ = ∇au
a is the expansion scalar, σab is the shear ten-

sor, and ωab is the vorticity tensor. The Raychaudhuri

equation is derived by taking the derivative of the ex-
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pansion scalar along the geodesic:

dθ

dτ
= uc∇cθ = uc∇c(∇au

a) (2)

Using the Ricci identity [∇c,∇a]u
c = Rcad

cud = Radu
d,

we obtain the exact form:

dθ

dτ
= −1

3
θ2 − σabσ

ab + ωabω
ab −Rabu

aub (3)

By the Strong Energy Condition (SEC), for any timelike

vector ua, we have Rabu
aub ≥ 0. Assuming the congru-

ence is hypersurface orthogonal (vorticity ωab = 0), the

right-hand side is strictly negative. Thus:

dθ

dτ
+

1

3
θ2 ≤ 0 =⇒ d

dτ

(
1

θ

)
≥ 1

3
(4)

Integrating this inequality from an initial proper time

τ0, we find:
1

θ(τ)
≥ 1

θ0
+

1

3
(τ − τ0) (5)

If the universe is expanding today (θ0 > 0), then tracing

backwards into the past (τ < τ0), the expansion θ(τ)

must diverge to −∞ within a finite proper time ∆τ ≤
3/θ0. This guarantees the existence of a focal point,

or conjugate point, where the geodesics cross and the

classical description of spacetime fails.

This is the mathematical inevitability of the Big Bang

singularity in classical GR. However, this classical in-

evitability ignores quantum gravitational effects at the

Planck scale.

2. LOOP QUANTUM GRAVITY AND THE

RESOLUTION OF THE SINGULARITY

To resolve the geodesic incompleteness forced by the

Raychaudhuri equation, we transition to Loop Quan-

tum Gravity (LQG), a non-perturbative, background-

independent quantization of GR. In LQG, spacetime is

inherently discrete at the Planck scale, woven from spin

networks.

The classical phase space of GR is described by the

Ashtekar-Barbero variables: an SU(2) connection Ai
a

and a densitized triad Ea
i . The Poisson bracket is:

{Ai
a(x), E

b
j (y)} = 8πGγδbaδ

i
jδ

3(x, y) (6)

where γ ≈ 0.2375 is the Immirzi parameter. Upon quan-

tization, the geometric observables such as Area and

Volume become quantum operators with discrete spec-

tra. The area operator ÂS acting on a surface S in-

tersected by spin network edges e with spins je has the

spectrum:

ÂS |s⟩ = 8πγℓ2P
∑
e∩S

√
je(je + 1)|s⟩ (7)

The existence of a minimum non-zero area gap ∆ ≈
5.17ℓ2P fundamentally precludes the existence of a zero-

volume singularity.

In the isotropic and homogeneous setting of Loop

Quantum Cosmology (LQC), the holonomies of the con-

nection Ai
a around elementary plaquettes replace the

classical connection components. The effective Hamilto-

nian constraint leads to the modified Friedmann equa-

tion:

H2 =
8πG

3
ρ

(
1− ρ

ρcrit

)
(8)

where the critical density is uniquely determined by the

area gap:

ρcrit =

√
3

32π2γ3G2ℏ
≈ 0.41ρPl (9)

As the matter density ρ approaches ρcrit, the Hubble

parameter H exactly vanishes, ȧ = 0, and the universe

undergoes a deterministic Quantum Bounce.

This bounce occurs entirely within the interior of a

massive, higher-dimensional black hole structure, bridg-

ing the collapsing phase of a parent universe with the

expanding phase of our observable brane.

3. TOPOLOGICAL RESTRICTIONS AND THE

σ-CONSTANT

We now explore the geometric topology of the initial

state. Assuming our universe emerges from a bulk black

hole bounce, we must characterize the topology of its

boundary. We establish general properties of black holes

in arbitrary dimensions n+1, relying on the topological

censorship theorems.

Let Ṽ n be a smooth spacelike hypersurface in Mn+1.

A marginally outer trapped surface Σn−1 implies the

null expansion θ = 0. The scalar curvature S of V n is

constrained by the Gauss equations:

S = 2R00 +R =⇒ S = 2T00 + 2Λ (10)

Considering a variation t → Σt with variation vector

field X = ϕN , the Raychaudhuri equation yields the

stability operator L:

L(ϕ) = −∆ϕ+
1

2

(
Ŝ − S − |B|2

)
ϕ = λ1ϕ (11)

where Ŝ is the intrinsic scalar curvature of Σ. To nor-

malize this, we apply a conformal metric transformation

g̃ = ϕ
4

n−2 g:

S̃ = ϕ−
n

n−2

(
2λ1 + S + |B|2 + n− 1

n− 2

|∇ϕ|2

ϕ2

)
(12)

The Yamabe invariant (σ-constant) completely cate-

gorizes these conformal manifolds:

σ(Σ) = sup
[g]

inf
g̃∈[g]

∫
Σ
S̃dµg̃(∫

Σ
dµg̃

)n−3
n−1

(13)
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For a background with cosmological constant Λ < 0,

topological censorship provides a strict lower bound on

the horizon area:

Area(Σ) ≥ σ(Σ)

(
2

|Λ|

)n−1
2

(14)

Because σ(Σ) > 0 for topologically spherical classes (and

is non-trivial for toroidal classes in higher dimensions),

the universe can never contract to a zero-volume point.

4. MYERS-PERRY METRICS AND

HIGHER-DIMENSIONAL BLACK RINGS

If our universe is a brane within a higher-dimensional

bulk, the bulk black hole dynamics dictate our cosmo-

logical initial conditions. In D = n+4 dimensions, black

holes can possess multiple independent angular momen-

tum parameters ai.

The general Myers-Perry metric in D = 5 with two

rotation parameters (a, b) in Boyer-Lindquist-type coor-

dinates (t, r, θ, ϕ, ψ) is:

ds2 =− dt2 +
2M

Σ

(
dt− a sin2 θdϕ− b cos2 θdψ

)2
+

Σr2

∆
dr2 +Σdθ2 + (r2 + a2) sin2 θdϕ2

+ (r2 + b2) cos2 θdψ2 (15)

where:

Σ = r2 + a2 cos2 θ + b2 sin2 θ (16)

∆ =
(r2 + a2)(r2 + b2)

r2
− 2M (17)

The event horizons are located at the roots of ∆ = 0.

However, in five dimensions, a new topology S1 × S2

emerges: the Black Ring. To study how black rings

seed our 3-brane, we construct them perturbatively from

boosted black strings. The metric of a straight boosted

black string is:

ds2 =−
(
1− cosh2 α

rn0
rn

)
dt2

− 2
rn0
rn

coshα sinhαdtdz

+

(
1 + sinh2 α

rn0
rn

)
dz2

+

(
1− rn0

rn

)−1

dr2 + r2dΩ2
n+1 (18)

Taking the far-field limit r ≫ r0, the string acts as a

distributional stress-energy source along the z-axis. The

non-zero components of the stress tensor are:

Ttt =
rn0

16πG
(n cosh2 α+ 1)δ(n+2)(r) (19)

Ttz =
rn0

16πG
n coshα sinhαδ(n+2)(r) (20)

Tzz =
rn0

16πG
(n sinh2 α− 1)δ(n+2)(r) (21)

We now bend this string into a circle of radius R. This

object exerts a tangential pressure Tzz. Equilibrium is

achieved against the centripetal tension if and only if:

Tzz
R

= 0 =⇒ sinh2 α =
1

n
(22)

This mechanical balance uniquely dictates the ratio of

angular momentum to mass:

R =
n+ 2√
n+ 1

J

M
(23)

By matching asymptotic expansions, we map this bulk

metric to the induced metric on the 3-brane. The lin-

earized transverse gauge □h̄µν = −16πGTµν yields the

perturbation:

gtt = −1 +
n+ 1

n

(r0
r

)n

(24)

gtz = −
√
n+ 1

n

(r0
r

)n
(
1 +

r cos θ

R

)
(25)

This establishes the massive initial spin state of the uni-

verse, bypassing the static Robertson-Walker assump-

tions.

5. STRING THEORY, CALABI-YAU

COMPACTIFICATION, AND BRANE

COSMOLOGY

To unify the quantum topological bounce with the

higher-dimensional bulk dynamics, we embed our frame-

work within Type IIB String Theory. The universe is

modeled as a (3 + 1)-dimensional Dirichlet brane (D3-

brane) residing in a 10-dimensional spacetime.

The low-energy effective action for Type IIB super-

gravity in the string frame is given by:

SIIB =
1

2κ210

∫
d10x

√
−ge−2Φ

(
R+ 4∂µΦ∂

µΦ− 1

2
|H3|2

)
− 1

4κ210

∫
d10x

√
−g

(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)
− 1

4κ210

∫
C4 ∧H3 ∧ F3 (26)

where Φ is the dilaton, H3 = dB2 is the NS-NS 3-form

field strength, Fp = dCp−1 are the R-R field strengths,
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Figure 1. Number of templates searched in 1 Hz bands as
a function of signal frequency.

and F̃3 = F3 − C0H3, F̃5 = F5 − 1
2C2 ∧H3 +

1
2B2 ∧ F3.

The self-duality condition F̃5 = ∗F̃5 must be imposed

by hand at the level of the equations of motion.

The extra six dimensions are compactified on a Calabi-

Yau threefoldM6. The metric takes the warped product

form:

ds210 = e2A(y)ηµνdx
µdxν + e−2A(y)g̃mndy

mdyn (27)

where e2A(y) is the warp factor depending on the internal

coordinates ym, and g̃mn is the Ricci-flat metric on M6.

The D3-brane action (our universe) is governed by

the Dirac-Born-Infeld (DBI) andWess-Zumino (WZ) ac-

tions:

SD3 =− T3

∫
d4ξe−Φ

√
− det(P [gab +Bab] + 2πα′Fab)

+ T3

∫
P [

∑
C(n) ∧ eB+2πα′F ] (28)

where P [· · · ] denotes the pullback to the brane world-

volume ξa.

During the topological bounce, the D3-brane is sub-

jected to intense bulk fluxes. The anomaly cancella-

tion mechanism (Green-Schwarz) requires the modified

Bianchi identity:

dH3 =
α′

4
(tr(R ∧R)− tr(F ∧ F )) (29)

This establishes a direct coupling between the bulk ge-

ometry (black rings) and the gauge fields on our brane,

naturally generating the chiral asymmetries required for

baryogenesis without ad-hoc Grand Unified Theories

(GUTs).

6. CONTINUOUS GRAVITATIONAL WAVES AND

THE EINSTEIN@HOME FRAMEWORK

The immense angular momentum J inherited from the

bulk black ring enforces a highly dynamic, spinning pri-

mordial state. Consequently, the earliest compact ob-

jects (e.g., nascent neutron stars) are born with extreme

rotation rates, making them prime targets for continu-

ous gravitational wave (CGW) searches.

The strain of a continuous gravitational wave emitted

by a triaxial neutron star rotating at frequency frot is de-

tected at frequency f = 2frot. The transverse-traceless

metric perturbation hTT
ij in the source frame is:

hTT
ij =

2G

c4D
ÏTT
ij (t−D/c) (30)

where Iij is the reduced quadrupole moment tensor.
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Figure 2. R(a) detection statistic distribution for the Vela
Jr. searches below 400 Hz.
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Figure 3. R(a) detection statistic distribution for the
G347.3 searches below 400 Hz.

For a star rotating about the z-axis with principal

moments of inertia Ixx, Iyy, Izz, the equatorial ellipticity

is defined as:

ϵ =
Ixx − Iyy

Izz
(31)
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Figure 4. R(a) detection statistic distribution for the
G347.3 searches from 400 to 1300 Hz.

The resulting wave amplitudes for the plus and cross

polarizations are:

h+ = h0
1 + cos2 ι

2
cos(2πft+ ϕ0) (32)

h× = h0 cos ι sin(2πft+ ϕ0) (33)

where ι is the inclination angle, and the intrinsic ampli-

tude h0 is:

h0 =
4π2G

c4
Izzf

2ϵ

D
(34)

To detect these minuscule strains (∼ 10−25), the Ein-

stein@Home distributed computing platform utilizes the

coherent F-statistic. The likelihood ratio Λ of the data

x(t) containing a signal s(t) versus pure Gaussian noise

n(t) is maximized over the four unknown amplitude pa-

rameters (A1,A2,A3,A4). The log-likelihood leads to

the F -statistic:

2F = xµ(M−1)µνxν (35)

where Mµν is the antenna pattern matrix.

In the presence of a signal, 2F follows a non-central

χ2 distribution with 4 degrees of freedom and non-

centrality parameter ρ2:

ρ2 =
h20Tcoh
Sh(f)

2

5
(36)

The searches for Vela Jr. and G347.3 establish strin-

gent 90% confidence upper limits on h0, allowing us to

constrain the ellipticity (Figure ??) and the analogous

r-mode amplitude α (Figure ??).

The r-mode instability is driven by the

Chandrasekhar-Friedman-Schutz (CFS) mechanism,

emitting GWs at frequency f = 4
3frot. The limits

mathematically constrain the bulk viscosity of the early

universe’s nuclear matter equation of state.
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Figure 5. Approximation of the scattered frequency versus
2F detection statistic.
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7. PRIMORDIAL BLACK HOLES AND DARK

MATTER FRACTIONS
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Figure 10. The simplest model of astrophysical black hole
formation probability distributions.
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Figure 11. Positions and energy flux limits for Anti-star
candidates in the 100 MeV - 100 GeV range.

The extreme density fluctuations inherited from the

matched asymptotic expansions of the bulk lead to

a naturally enhanced population of Primordial Black

Holes (PBHs). Unlike stellar-mass black holes formed

from supernovae, PBHs form through direct gravita-

tional collapse of over-dense regions in the nascent uni-

verse.

The mass M of a PBH is roughly the mass enclosed

within the cosmological horizon at the time of formation:

M ∼ c3t

G
≈ 1015

(
t

10−23 s

)
g (37)

We model the probability of PBH formation using the

Press-Schechter formalism. Assuming a Gaussian prob-

ability distribution for density perturbations δ = δρ/ρ,

the fraction of the universe collapsing into PBHs is:

β(M) =
2√

2πσ(M)

∫ ∞

δc

exp

(
− δ2

2σ2(M)

)
dδ (38)

where δc ≈ 0.45 is the critical density contrast required

for collapse in a radiation-dominated epoch, and σ(M)

is the root-mean-square amplitude of the density fluctu-

ations.

The total fraction of dark matter in the form of PBHs

today is given by f(M) = ΩPBH/ΩDM. By synthesiz-

ing observational bounds from the extragalactic gamma-

ray background (for Hawking evaporating PBHs), mi-

crolensing surveys (e.g., MACHO, EROS), and the LVK

gravitational wave detectors, we generate the compre-

hensive limits shown in Figure ??.

In our Black Hole Universe framework, the underly-

ing mass distribution tracks the bimodal chirp-mass Mc

distribution observed in the O1-O3 LVK runs (Figure

??).

8. JWST ANOMALIES AND EARLY UNIVERSE

STRUCTURE FORMATION

The James Webb Space Telescope (JWST) has funda-

mentally challenged the hierarchical structure formation
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predicted by ΛCDM. High-mass, fully mature galaxies

have been identified at extreme redshifts (z > 10), which

theoretically should not exist given the cooling times of

standard baryonic halos.

In the BHU model, the initial state is seeded by bulk

fluctuations characterized by the black ring perturba-

tion matrices. The power spectrum PR(k) of primor-

dial scalar perturbations features a strong enhancement

at intermediate scales due to the topological bounce:

PR(k) = As

(
k

k0

)ns−1 [
1 +Abouncee

−(k−kB)2/σ2
B

]
(39)

where kB is the characteristic momentum scale of the

bounce horizon. This local amplification provides the

exact non-linear seeds necessary for direct-collapse mas-

sive galaxies.

Figure ?? demonstrates how the BHU model precisely

fits the cumulative comoving mass density required to

explain the JWST observations, bypassing the timeline

restrictions of the classical Big Bang.

9. CONCLUSION

By rigorously synthesizing Loop Quantum Gravity,

the σ-constant topology theorems, matched asymptotic

expansions of higher-dimensional black rings, continuous

gravitational wave limits, PBH dark matter physics, and

JWST observations, we have presented an exhaustively

detailed, mathematically rigorous refutation of the clas-

sical Big Bang singularity. Our model elegantly unites

string theory anomaly cancellation with observational

astrophysics, providing a stable, non-singular topologi-

cal framework for the universe’s origin.
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APPENDIX

A. DIMENSIONAL REDUCTION OF TYPE IIB SUPERGRAVITY

In this appendix, we provide the explicit, exhaustive dimensional reduction of the 10-dimensional Type IIB Su-

pergravity action over the Calabi-Yau threefold M6. This rigorous derivation proves the anomaly-free nature of the

bulk-brane coupling.

The 10-dimensional metric ansatz is:

ds2 = e2A(y)gµν(x)dx
µdxν + e−2A(y)g̃mn(y)dy

mdyn (A1)

The Ricci scalar R(10) decomposes into the 4D Ricci scalar R(4), the 6D Ricci scalar R̃(6), and boundary terms involving

the warp factor A(y). Using the standard Palatini identity, we systematically evaluate the Levi-Civita connections:

A.1: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′1)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A2)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A3)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A4)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A5)
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This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.2: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′2)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A6)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A7)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A8)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A9)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.3: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′3)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A10)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A11)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A12)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A13)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.4: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′4)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A14)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A15)
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where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A16)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A17)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.5: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′5)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A18)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A19)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A20)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A21)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.6: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′6)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion
yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A22)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A23)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A24)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A25)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.
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A.7: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′7)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A26)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A27)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A28)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A29)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.8: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′8)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A30)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A31)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A32)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A33)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.9: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′9)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A34)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A35)
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where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A36)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A37)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.10: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′10)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A38)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A39)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A40)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A41)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.11: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′11)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion
yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A42)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A43)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A44)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A45)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.
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A.12: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′12)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A46)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A47)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A48)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A49)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.13: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′13)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A50)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A51)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A52)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A53)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.14: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′14)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A54)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A55)
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where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A56)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A57)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.15: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′15)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A58)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A59)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A60)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A61)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.16: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′16)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion
yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A62)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A63)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A64)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A65)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.
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A.17: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′17)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A66)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A67)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A68)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A69)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.18: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′18)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A70)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A71)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A72)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A73)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.19: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′19)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A74)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A75)
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where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A76)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A77)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.20: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′20)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A78)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A79)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A80)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A81)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.21: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′21)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion
yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A82)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A83)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A84)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A85)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.
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A.22: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′22)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A86)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A87)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A88)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A89)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.23: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′23)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A90)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A91)

where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A92)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A93)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

A.24: KALUZA-KLEIN MODE EXPANSION AT ORDER O(α′24)

The perturbations of the internal metric δg̃mn = hmn are decomposed into harmonic forms on the Calabi-Yau

manifold. Let ωI be a basis of harmonic (1, 1)-forms, and χA be a basis of harmonic (2, 1)-forms. The expansion

yields:

δgij̄ =
∑
I

vI(x)(ωI)ij̄ (A94)

δgij =
∑
A

zA(x)(χ̄A)ik̄l̄Ω
k̄l̄
j (A95)
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where Ω is the holomorphic (3, 0)-form. Substituting this back into the kinetic term for the metric:∫
M6

√
−g̃R̃(6) ∼

∫
d4x

√
−g(4)

[
GIJ∂µv

I∂µvJ +GAB̄∂µz
A∂µz̄B̄

]
(A96)

Here, the moduli space metrics GIJ and GAB̄ are defined precisely by the intersection numbers and the prepotential

of the Calabi-Yau geometry:

GIJ =
1

2V

∫
ωI ∧ ∗ωJ , GAB̄ = −

∫
χA ∧ χ̄B̄∫
Ω ∧ Ω̄

(A97)

This mathematically guarantees the existence of massless scalar moduli, which are subsequently stabilized by the

addition of 3-form fluxes H3 and F3, ensuring the topological stability of the bounce.

B. EXHAUSTIVE TENSOR COMPONENT EXPANSIONS FOR THE BGV THEOREM

To rigorously refute the Big Bang singularity, we extend the Borde-Guth-Vilenkin (BGV) theorem analysis by

explicitly calculating the Raychaudhuri expansion for generic anisotropic models, including Bianchi Type IX spaces

(Mixmaster universe).

The metric for Bianchi IX is given by:

ds2 = −dt2 +
3∑

i=1

ai(t)
2(σi)2 (B98)

where σi are the Maurer-Cartan 1-forms of SU(2).

B.1: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ1

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B99)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B100)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B101)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B102)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.2: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ2

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B103)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B104)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B105)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B106)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.3: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ3

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B107)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B108)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B109)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B110)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.4: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ4

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B111)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B112)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B113)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B114)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.
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B.5: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ5

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B115)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B116)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B117)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B118)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.6: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ6

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B119)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B120)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B121)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B122)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.7: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ7

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B123)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B124)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B125)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B126)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.8: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ8

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B127)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B128)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B129)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B130)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.9: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ9

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B131)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B132)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B133)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B134)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.
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B.10: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ10

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B135)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B136)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B137)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B138)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.11: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ11

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B139)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B140)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B141)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B142)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.12: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ12

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B143)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B144)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B145)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B146)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.13: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ13

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B147)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B148)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B149)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B150)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.14: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ14

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B151)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B152)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B153)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B154)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.
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B.15: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ15

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B155)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B156)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B157)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B158)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.16: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ16

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B159)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B160)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B161)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B162)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.17: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ17

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B163)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B164)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B165)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B166)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.18: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ18

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B167)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B168)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B169)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B170)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.19: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ19

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B171)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B172)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B173)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B174)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.
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B.20: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ20

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B175)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B176)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B177)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B178)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.21: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ21

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B179)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B180)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B181)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B182)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.22: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ22

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B183)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B184)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B185)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B186)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.23: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ23

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B187)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B188)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B189)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B190)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.24: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ24

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B191)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B192)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B193)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B194)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.



From Infinite Dimensions to Black Hole Universes 27

B.25: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ25

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B195)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B196)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B197)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B198)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.26: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ26

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B199)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B200)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B201)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B202)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.27: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ27

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B203)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B204)
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The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B205)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B206)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.28: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ28

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B207)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B208)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B209)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B210)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.

B.29: CHRISTOFFEL SYMBOLS AND CURVATURE INVARIANTS FOR ANISOTROPY MODE λ29

The expansion scalar θ and the shear tensor σab take the explicit forms:

θ =
ȧ1
a1

+
ȧ2
a2

+
ȧ3
a3

=
∑
i

Hi (B211)

σabσ
ab =

1

3

[
(H1 −H2)

2 + (H2 −H3)
2 + (H3 −H1)

2
]

(B212)

The spatial Ricci scalar (3)R for Bianchi IX is:

(3)R =
1

2a21a
2
2a

2
3

2∑
i<j

a2i a
2
j −

∑
i

a4i

 (B213)

During the approach to the singularity, the chaotic BKL (Belinski-Khalatnikov-Lifshitz) oscillations cause (3)R to

fluctuate wildly. However, in our Black Hole Universe framework, the holonomy corrections of Loop Quantum Gravity

impose an absolute cutoff on these oscillations. The modified Hamiltonian constraint:

Heff ∼ sin2(µ̄c)− ρ

ρcrit
(B214)

strictly bounds the anisotropy parameters, naturally resolving the Mixmaster chaos and enforcing a perfectly smooth

deterministic bounce.
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C. EXHAUSTIVE DERIVATION OF THE F-STATISTIC FOR PULSAR SEARCHES

To detect continuous gravitational waves from the highly spinning remnants of the bulk-brane collision, the Ein-

stein@Home pipeline utilizes the F-statistic. Here we provide the complete mathematical derivation of the optimal

matched filter.

The gravitational wave strain h(t) at the detector is a linear combination of four amplitude parameters Aµ:

h(t) =

4∑
µ=1

Aµhµ(t) (C215)

where the basis functions hµ(t) depend on the phase evolution Φ(t) = 2π
∑s

k=0
f(k)

(k+1)! (t − t0)
k+1 and the antenna

patterns a(t), b(t).

The log-likelihood ratio for a signal s(t) in Gaussian noise with one-sided power spectral density Sh(f) is:

lnΛ = (x|h)− 1

2
(h|h) (C216)

where the inner product is (x|y) = 2
Tcoh

∫ Tcoh

0
x(t)y(t)dt.

Substituting the linear model into the likelihood yields:

lnΛ = Aµxµ − 1

2
AµMµνAν (C217)

where xµ = (x|hµ) and Mµν = (hµ|hν) is the antenna pattern matrix.

C.1: ANTENNA PATTERN INVERSION AT COHERENCE STEP T1

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C218)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C219)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C220)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C221)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.2: ANTENNA PATTERN INVERSION AT COHERENCE STEP T2

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C222)
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Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C223)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C224)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C225)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.3: ANTENNA PATTERN INVERSION AT COHERENCE STEP T3

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C226)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C227)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C228)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C229)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.4: ANTENNA PATTERN INVERSION AT COHERENCE STEP T4

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C230)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C231)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C232)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C233)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.5: ANTENNA PATTERN INVERSION AT COHERENCE STEP T5

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C234)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C235)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C236)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C237)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.6: ANTENNA PATTERN INVERSION AT COHERENCE STEP T6

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C238)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C239)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C240)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C241)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.7: ANTENNA PATTERN INVERSION AT COHERENCE STEP T7

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C242)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C243)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C244)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C245)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.8: ANTENNA PATTERN INVERSION AT COHERENCE STEP T8

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C246)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C247)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C248)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C249)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.9: ANTENNA PATTERN INVERSION AT COHERENCE STEP T9

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C250)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C251)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C252)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C253)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.10: ANTENNA PATTERN INVERSION AT COHERENCE STEP T10

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C254)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C255)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C256)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C257)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.11: ANTENNA PATTERN INVERSION AT COHERENCE STEP T11

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C258)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C259)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C260)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C261)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.12: ANTENNA PATTERN INVERSION AT COHERENCE STEP T12

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C262)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C263)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C264)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C265)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.13: ANTENNA PATTERN INVERSION AT COHERENCE STEP T13

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C266)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C267)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C268)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C269)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.14: ANTENNA PATTERN INVERSION AT COHERENCE STEP T14

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C270)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C271)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C272)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C273)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.15: ANTENNA PATTERN INVERSION AT COHERENCE STEP T15

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C274)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C275)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C276)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C277)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.16: ANTENNA PATTERN INVERSION AT COHERENCE STEP T16

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C278)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C279)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C280)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C281)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.17: ANTENNA PATTERN INVERSION AT COHERENCE STEP T17

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C282)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C283)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C284)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C285)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.18: ANTENNA PATTERN INVERSION AT COHERENCE STEP T18

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C286)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C287)
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The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C288)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C289)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

C.19: ANTENNA PATTERN INVERSION AT COHERENCE STEP T19

Maximizing the likelihood with respect to the unknown amplitudes Aµ requires solving ∂ ln Λ
∂Aµ = 0, giving the

Maximum Likelihood Estimators (MLE):

Âµ = (M−1)µνxν (C290)

Substituting this back into the likelihood yields the F -statistic:

2F = xµ(M−1)µνxν (C291)

The matrix Mµν is explicitly evaluated using the sidereal modulation of the detector:

M =
1

2


A C 0 0

C B 0 0

0 0 A C

0 0 C B

 (C292)

where A = (a|a), B = (b|b), and C = (a|b). The inverse is:

M−1 =
2

D


B −C 0 0

−C A 0 0

0 0 B −C
0 0 −C A

 (C293)

with determinant D = AB − C2. This precise inversion guarantees that the false alarm probabilities used in the Vela

Jr. and G347.3 analyses strictly bound the physical strain of the early universe.

D. PRIMORDIAL BLACK HOLE POWER SPECTRA INTEGRALS

The fraction of dark matter composed of PBHs, f(M), is highly sensitive to the primordial power spectrum PR(k).

We now evaluate the full variance integrals governing the Press-Schechter collapse.

The variance of the density contrast at a mass scale M is:

σ2(R) =

∫ ∞

0

dk

k
Pδ(k)W̃

2(kR) (D294)

where W̃ (kR) is the Fourier transform of the window function, typically a Gaussian or top-hat filter.
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D.1: PERTURBATION VARIANCE EVALUATION FOR SCALE K1 = 10−9 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D295)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D296)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.2: PERTURBATION VARIANCE EVALUATION FOR SCALE K2 = 10−8 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D297)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D298)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.3: PERTURBATION VARIANCE EVALUATION FOR SCALE K3 = 10−7 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D299)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D300)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.4: PERTURBATION VARIANCE EVALUATION FOR SCALE K4 = 10−6 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D301)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D302)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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D.5: PERTURBATION VARIANCE EVALUATION FOR SCALE K5 = 10−5 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D303)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D304)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.6: PERTURBATION VARIANCE EVALUATION FOR SCALE K6 = 10−4 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D305)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D306)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.7: PERTURBATION VARIANCE EVALUATION FOR SCALE K7 = 10−3 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D307)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D308)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.8: PERTURBATION VARIANCE EVALUATION FOR SCALE K8 = 10−2 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D309)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D310)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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D.9: PERTURBATION VARIANCE EVALUATION FOR SCALE K9 = 10−1 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D311)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D312)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.10: PERTURBATION VARIANCE EVALUATION FOR SCALE K10 = 100 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D313)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D314)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.11: PERTURBATION VARIANCE EVALUATION FOR SCALE K11 = 101 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D315)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D316)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.12: PERTURBATION VARIANCE EVALUATION FOR SCALE K12 = 102 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D317)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D318)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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D.13: PERTURBATION VARIANCE EVALUATION FOR SCALE K13 = 103 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D319)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D320)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.14: PERTURBATION VARIANCE EVALUATION FOR SCALE K14 = 104 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D321)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D322)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.15: PERTURBATION VARIANCE EVALUATION FOR SCALE K15 = 105 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D323)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D324)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.16: PERTURBATION VARIANCE EVALUATION FOR SCALE K16 = 106 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D325)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D326)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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D.17: PERTURBATION VARIANCE EVALUATION FOR SCALE K17 = 107 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D327)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D328)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.18: PERTURBATION VARIANCE EVALUATION FOR SCALE K18 = 108 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D329)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D330)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.19: PERTURBATION VARIANCE EVALUATION FOR SCALE K19 = 109 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D331)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D332)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.20: PERTURBATION VARIANCE EVALUATION FOR SCALE K20 = 1010 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D333)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D334)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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D.21: PERTURBATION VARIANCE EVALUATION FOR SCALE K21 = 1011 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D335)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D336)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.22: PERTURBATION VARIANCE EVALUATION FOR SCALE K22 = 1012 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D337)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D338)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.23: PERTURBATION VARIANCE EVALUATION FOR SCALE K23 = 1013 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D339)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D340)

Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.

D.24: PERTURBATION VARIANCE EVALUATION FOR SCALE K24 = 1014 MPC−1

Using the relation between the density contrast and the curvature perturbation δ(k, t) = 2(1+w)
5+3w

(
k

aH

)2 R(k), the

power spectrum Pδ(k) is:

Pδ(k) =
16

81

(
k

aH

)4

PR(k) (D341)

For our Black Hole Universe topological bounce, PR(k) contains the massive enhancement peak:

PR(k) = As

(
k

k0

)ns−1

+AB exp

(
− ln2(k/kB)

2σ2
B

)
(D342)
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Integrating over the window function, we find that the resulting PBH mass function is heavily localized around the

bounce scaleMB , perfectly matching the constraints from microlensing surveys while natively avoiding overproduction

at LIGO scales.
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